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Finite groups G for every divisor d of the order of G , if there exists
a subgroup H of G of order d such that H is normal or abnormal,
are called C-groups. In this paper, C-groups are characterized as
certain extensions of nilpotent normal subgroups by subgroups of
prime power order.
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1. Introduction
All groups considered in this paper are ﬁnite. Our notation and terminology are standard, see, for
example, Robinson [23].
As it is well known, the converse of Lagrange’s theorem in group theory does not hold. That
is, given a ﬁnite group G of order n, and given a divisor d of n, G need not have a subgroup of
order d. Groups satisfying the above condition are often called CLT-groups. D.H. McLain [21] showed
in 1957 that CLT-groups are solvable and that, conversely, the direct product of any ﬁnite solvable
group and a cyclic group of suitable order is a CLT-group. Furthermore, T.M. Gagen [12] proved that
every solvable group can be embedded in a directly indecomposable CLT-group. Adding requirements
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aspect, C.V. Holmes ﬁrst proved the following result.
Theorem 1.1. (See [14, Theorem 1].) A group G is nilpotent if and only if for each divisor d of the order of G
there exists a normal subgroup of order d.
Recently, S.R. Li, J. He, G.P. Nong and L.Q. Zhou [19] studied a new class of CLT-groups. They intro-
duced the following deﬁnition: A subgroup H of a group G is called Hall normally embedded in G if
H is a Hall subgroup of the normal closure HG . They proved:
Theorem 1.2. (See [19, Theorem 11].) A group G satisﬁes that, for every factor d of the order of G, there exists
a Hall normally embedded subgroup H of G of order d if and only if the nilpotent residual GN of G is cyclic of
square-free order.
Some related topics can be found in [1–10,12–16,18–22,24–26,28,29] and [27, Chapters 1, 4 and 6].
In the present paper the study of the above topic is continued. We ﬁrst give the following deﬁni-
tion.
Deﬁnition 1.3. A group G is called a C-group if for each divisor d of the order of G , G contains a
subgroup H of order d such that H is either normal or abnormal in G .
We recall that an automorphism of a group is a power automorphism if it maps every subgroup
onto itself. The following concept is useful in our main theorem.
Deﬁnition 1.4. Let α be an automorphism of a group G . Then we say that α is a semi-power-
automorphism of G if there exist elements a1,a2, . . . ,an which generate G such that α maps ai into
a power of ai for all i ∈ {1,2, . . . ,n}.
It is clear that α must be a semi-power-automorphism of G if α is a power automorphism of G .
However, the converse is not true, as the following example shows:
Example 1.5. Let K = 〈a〉× 〈b〉 be an elementary abelian 7-group of order 72 and c ∈ Aut(K ) such that
ac = a2, bc = b4. Then the semidirect product G = K  〈c〉 is of order 72 × 3. We can conclude that G
is a C-group and GN = K = 〈a〉 × 〈b〉. It is clear that c induces on GN a semi-power-automorphism
but does not induce a power automorphism.
In this paper, C-groups are characterized completely:
Main theorem. A group G is a C-group if and only if one of the following statements holds:
(1) G is nilpotent.
(2) G is the split extension of GN by a Sylow p-subgroup P , where:
(2.1) P is anN -projector of G.
(2.2) GN is nilpotent.
(2.3) The automorphism group induced by P on GN is cyclic of order p, which acts as a semi-power-
automorphism on GN /Φ(GN ).
Example 1.5 implies that the word “semi-power-automorphism” can’t be replaced by “power auto-
morphism” in the main theorem.
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In this section we show some lemmas which are required in Section 3. Recall that a subgroup H
of a group G is said to be abnormal in G if g ∈ 〈U ,U g〉 for all g in G . A subgroup H is said to be
pronormal in a group G if for all g in G the subgroups H and Hg are conjugate in 〈H, Hg〉.
Let N denote the class of all nilpotent groups. Then N is a saturated formation. We denote by
GN the nilpotent residual of a group G . A subgroup H of a group G is called an N -projector of G
if HN/N is maximal as a nilpotent subgroup of G/N whenever N  G . Every solvable group contains
an N -projector and all of its N -projectors are conjugate (see [27, Chapter 5, Theorem 1.7]).
Lemma 2.1. (See [11, Chapter 1, 6.20 and 6.21].) Let H be a subgroup of a group G. Then the following state-
ments are true:
(a) If H is abnormal in G and H  K  G, then K is also abnormal in G.
(b) H is abnormal in G if and only if H is self-normalizing and pronormal in G.
(c) Let N  G and N  H. Then H is abnormal in G if and only if H/N is abnormal in G/N.
Lemma 2.2. The following statements for a group G are true:
(a) Suppose that G = H〈x〉, where H is a normal nilpotent subgroup of G. If x induces a semi-power-
automorphism on H/Φ(H), then G is supersolvable.
(b) If N is a normal nilpotent subgroup of a supersolvable group G, then each element x of G induces a semi-
power-automorphism on N/Φ(N).
Proof. Since H is nilpotent, H/Φ(H) is a direct product of elementary abelian groups. We may as-
sume that H/Φ(H) is generated by Φ(H)a1, . . . ,Φ(H)ar . Then (Φ(H)ai)x is a power of Φ(H)ai , where
1  i  r. This means that Φ(H)〈ai〉/Φ(H) is 〈x〉-invariant and so is normal in G/Φ(H). Thus every
chief factor of G/Φ(H) below H/Φ(H) is cyclic and therefore G/Φ(H) is supersolvable. By [17, III,
3.3 Hilfssatz], we can see that Φ(H)  Φ(G) and so G/Φ(G) is supersolvable. It follows from Hup-
pert’s theorem [17, VI, 8.6 Satz] that G is supersolvable.
The statement (b) is clear. 
Lemma 2.3. Let G be a solvable group and H a nilpotent subgroup of G. Then H is anN -projector of G if and
only if H is abnormal in G.
Proof. If H is abnormal in G , then it follows from [23, Theorem 9.5.8] and Lemma 2.1(b) that H is an
N -projector of G . The converse follows from [23, Theorem 9.5.8]. 
Lemma 2.4. Let M be a proper normal subgroup of a group G. Suppose that CG(x)  M for all 1 = x ∈ M.
Then G is a Frobenius group with Frobenius kernel M.
Proof. We can conclude that M is a Hall subgroup of G . The theorem of Schur–Zassenhaus gives a
complement H of M in G , and
G = M  H .
If there exist a nontrivial element h in H and a nontrivial element x in M such that [h, x] = 1,
then h ∈ CG(x), in contradiction to the fact that CG(x)  M . Thus H is a ﬁxed-point-free group of
automorphism of M . It follows from [23, Theorem 8.5.5] that G is a Frobenius group with Frobenius
kernel M . 
Lemma 2.5. Let M be a normal nilpotent subgroup of a group G. If G is supersolvable, then for every divisor d
of the order of M there exists a subgroup H of M of order d such that H is normal in G.
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p dividing d and let P be a Sylow p-subgroup of M . We conclude that P is normal in G , because M
is a normal nilpotent subgroup of G . Let N be a minimal normal subgroup of G contained in P . As
G is supersolvable, we can see that N is cyclic of order p. Now we consider the factor group G/N .
Obviously, M/N is a normal nilpotent subgroup of G/N and d/p is a divisor of |M/N|. By induction,
there exists a subgroup H/N of M/N of order d/p such that H/N is normal in G/N . Hence H is
normal in G and |H| = d, as desired. 
Lemma 2.6. Let G be a group. Suppose that G is the semidirect product H  M, where M is a normal Hall
subgroup of G and H is self-normalizing in G. Then H is abnormal in G.
Proof. Let x ∈ G , and J = 〈H, Hx〉. Then J = J ∩G = J ∩HM = H( J ∩M). Obviously, J ∩M is a normal
Hall subgroup of J and both H and Hx are two complements of J ∩M in J . By the Schur–Zassenhaus
theorem, there exists an element y ∈ J such that H y = Hx . Thus xy−1 ∈ NG(H). Since NG(H) = H , we
have x ∈ Hy ⊆ J and therefore H is abnormal in G . 
3. C-groups
Theorem 3.1. The following statements for a group G are equivalent:
(a) G is a C-group.
(b) For each divisor d of the order of G, there exists a subgroup H of order d in G such that H is either
subnormal or abnormal.
(c) G is either nilpotent or satisﬁes
(c-1) G is supersolvable,
(c-2) G/F (G) is cyclic of order p, where p is a prime, and
(c-3) G/O p(G) is a Frobenius group whose Frobenius complement P/O p(G) is cyclic of order p, where
P is a Sylow p-subgroup of G.
Proof. (a) ⇒ (b): Clear.
(b) ⇒ (c): We can see that G is a CLT-group and so it is solvable. Suppose that G is not nilpotent.
To ﬁnishing our proof, we only need to show that G satisﬁes (c-1), (c-2) and (c-3). Let {P1, P2, . . . , Pr}
be a Sylow system of G with p1 < p2 < · · · < pr , where pi is the prime dividing |Pi |. Then it follows
from our assumption that r  2. Denote
M =
r∏
2
Pi .
The results will follow from the next seven steps.
(1) M  G .
Let d = ∏r2 pi . By hypothesis, there exists a subgroup H of order d in G such that H is either
subnormal or abnormal in G . It is clear that H is a Hall p′-subgroup of G . Moreover, we conclude
that G contains a subgroup T of index p such that T is subnormal or abnormal in G . By using
the permutation representation of G on T , we see that G/TG is isomorphic to a subgroup of the
symmetric group Sp of degree p. The minimality of p implies that T = TG . It follows that T is normal
in G and so H is contained in T . By Lemma 2.1, we can see that H is normal in G . Hence statement (1)
is true.
(2) M is nilpotent.
Let q be a prime divisor of the order of G with q = p, then q is contained in {p2, . . . , pr}. Write
q = pi for some i ∈ {2, . . . , r}. By hypothesis, there exists a subgroup Q of G of order pnii such that
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contained in M . If Q is abnormal in G , then by Lemma 2.1 M is abnormal in G too, in contradiction
to the fact that M is normal in G and M < G . Therefore Q is subnormal in G and hence is normal
in G . Thus M is nilpotent.
(3) Let P be a Sylow p-subgroup of G , then P is abnormal in G .
By hypothesis, there exists a subgroup B of order |P | in G such that B is either subnormal or
abnormal in G . If B is subnormal in G , then it follows from the fact that B is a Sylow p-subgroup
of G that B is normal in G , whence B = P . Applying statements (1) and (2), we have that G is
nilpotent. This contradiction yields that B is abnormal in G . By Lemma 2.1(b), we conclude that P is
abnormal in G .
(4) P/O p(G) is cyclic of order p.
It is clear that |P | = pn1 = p1n1 , n1  1. By hypothesis, G contains a subgroup H of order pn1−1
such that H is either subnormal or abnormal in G . By Sylow’s theorem, we can see that H < P g for
some g ∈ G , whence H < NG(H). It follows from Lemma 2.1(b) that H is subnormal in G and hence
H  O p(G). On the other hand, by statement (3), P is abnormal in G , which implies that O p(G) < P .
Therefore H = O p(G) by comparing the orders, as desired.
(5) G/F (G) is cyclic of order p.
As F (G) is the largest normal nilpotent subgroup of G , statement (5) follows from statements (1),
(2) and (4).
(6) G is supersolvable.
Let q be any divisor of the order of F (G) such that q = p. Take d = pn1q. By hypothesis, there exists
a subgroup H of order pn1q in G such that H is either subnormal or abnormal in G . Then H contains
a Sylow p-subgroup of G , say P . By statement (3), P is abnormal in G and hence H is abnormal
in G by Lemma 2.1(a) too. Let Q be a Sylow q-subgroup of H . Then Q is of order q and is contained
in M by statement (1). It follows that Q = H ∩ M  H . Now, if CH (Q ) = H , then Q centralizes P ,
in contradiction to the fact that P is abnormal in G . Thus CH (Q ) < H . Notice that [O p(G), Q ] = 1,
we see that H/CH (Q ) is cyclic of order p. It follows that H/CH (Q ) is isomorphic to a subgroup
of Aut(Q ), a cyclic group of order dividing q − 1. We get
p | (q − 1), for all q.
Since G = P M , we only need to show that every chief factor of G below M is cyclic in order to
conclude that G is supersolvable. Now, let K/L be a chief factor of G such that K  M . Then K/L is an
elementary abelian q-group for some suitable prime q dividing the order of M . By [17, VI, 5.4 Satz],
we have that
F (G) CG(K/L).
Then the automorphism group induced by G on K/L is of order p. By [27, Chapter 1, Lemma 1.3], we
conclude that K/L is cyclic of order q.
(7) G/O p(G) is a Frobenius group, whose Frobenius complement P/O p(G) is of order p.
Set G = G/O p(G). Then G = P  F (G) and |P | = p. If there exists a p′-element x in F (G) such that
CG(x)  F (G), then G = CG(x)F (G) and so CG(x) contains a Sylow p-subgroup of G . Hence we may
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and Lemma 2.1(c), we can see that P is abnormal in G . This contradiction shows that CG (x) ⊆ F (G).
It follows from Lemma 2.4 that G is a Frobenius group and the statement (7) is true.
(c) ⇒ (a): Suppose that the group G is either nilpotent or satisﬁes (c-1), (c-2) and (c-3). We need
to show that G is a C-group. If G is nilpotent, then the result follows by Lemma 1.1. Hence we may
assume that G is not nilpotent. Let d be a divisor of the order of G and write
d = p f d1, where (p,d1) = 1 and f  0.
We can distinguish two cases:
Case 1. p f < |G|p .
By (c-2), we can see that d is a divisor of the order of F (G). In view of (c-1) and Lemma 2.5, there
exists a subgroup of order d in F (G) such that it is normal in G , as desired.
Case 2. p f = |G|p .
It is clear that d1 is a divisor of the order of F (G). By (c-1) and Lemma 2.5, there exists a subgroup
H of order d1 in F (G) such that H is normal in G . Then the subgroup P H is of order d. Since
G/O p(G) is a Frobenius group with a Frobenius complement P/O p(G), it follows from Lemma 2.6
that P/O p(G) is abnormal in G/O p(G). According to Lemma 2.1(c), we can see that P is abnormal
in G and so is P H by Lemma 2.1(a), as desired.
This completes the proof of the theorem. 
Proof of the main theorem. We assume that G is a C-group but G is not nilpotent. It is clear that G
satisﬁes statements (c-1), (c-2) and (c-3) of Theorem 3.1. By (c-2), we have GN  F (G) and so GN
is nilpotent. Now, statement (c-1) and Lemma 2.2 imply statement (2.3). Statement (2.1) follows from
Lemma 2.3 and statement (c-3).
Conversely, if G is nilpotent, then by Theorem 1.1 G is a C-group. Hence we may assume that G
satisﬁes statement (2) of the main theorem. We have G = P  GN . Let
K = 〈x ∈ P ∣∣ ax = a, a ∈ GN 〉.
Then P/K is of order p by hypothesis and so K = O p(G). Thus F (G) = KGN and G/F (G) is cyclic of
order p. In view of statement (2.1) and Lemma 2.3, we can see that P is abnormal in G . It follows that
G/O p(G) is a Frobenius group, whose Frobenius complement P/O p(G) is cyclic of order p. Finally, by
Lemma 2.2, it is clear that G is supersolvable. Therefore G is a C-group by Theorem 3.1. 
From the proof of Theorem 3.1, we also have
Corollary 3.2. The following statements for a group G are equivalent:
(1) G is a C-group.
(2) For each subgroup B of G, there exists a subgroup H of G of order |B| in G such that H is either normal or
abnormal in G.
Remark 3.3. Note that the above corollary doesn’t hold if “normal” is replaced by “subnormal”. For
example, the non-CLT-group A4 (the alternating group of degree 4) is a counterexample.
Notice that the class of CLT-groups is not closed under taking subgroups and quotient groups in
general. However, we have
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(a) Every subgroup of G is a C-group.
(b) Every epimorphic image of G is a C-group.
Proof. (a): Let H  G . If H is nilpotent, then H is a C-group by Theorem 1.1. If H is not nilpotent, then
H  F (G). By Theorem 3.1, we can conclude that G = HF (G) and so H/F (H) = H/H ∩ F (G) ∼= G/F (G)
is of order p. This implies that H satisﬁes (c) of Theorem 3.1 and hence H is a C-group.
(b): If G is nilpotent, then statement (b) holds obviously. Suppose that G is non-nilpotent. Let N be
a minimal normal subgroup of G . Then N  F (G) and G/N is supersolvable by Theorem 3.1. If G/N
is nilpotent, then G/N is a C-group. Hence we may assume that G/N is not nilpotent and therefore
F (G/N) < G/N . Since F (G)/N is nilpotent and |G : F (G)| = p, we can see that F (G/N) = F (G)/N and
so G/N = P F (G)/N = (PN)/N · F (G/N). By Lemma 2.1, PN/N is abnormal in G/N . Thus G/N satisﬁes
(c) of Theorem 3.1 and therefore G/N is a C-group. 
4. C∗-groups
As the intersection of subgroups is also a subgroup, CLT-groups can be characterized in another
form.
Theorem 4.1. (See [27, Chapter 6, Theorem 1.2].) A group G is a CLT-group if and only if for every prime power
pn dividing the order of G, there exists a subgroup H of G such that |G : H| = pn.
This motivates the introduction of the following concept:
Deﬁnition 4.2. A group G is called a C∗-group if for each prime power divisor pn of the order of G ,
there exists a subgroup H of index pn in G such that H is either normal or abnormal in G .
It is clear that a C-group must be a C∗-group. However, the converse is not true, as the following
example shows:
Example 4.3. Let G = 〈a,b | a5 = b4 = 1, b−1ab = a2〉. Then there exist subgroups of index 2 and 4
in G which are normal in G . We can also see that the subgroups of index 5 are abnormal in G . Thus G
is a C∗-group. However, the subgroups of order 2 of G are neither normal nor abnormal in G . Hence
G is not a C-group.
Notice that every maximal subgroup of a ﬁnite group is either normal or abnormal, and we can see
that C∗-groups are the groups whose “largest” subgroups are either normal or abnormal. Furthermore,
if a group G is a C∗-group, then G is p-nilpotent by the proof of Theorem 3.1, where p is the smallest
prime dividing the order of G . Now it seems interesting to give a complete answer to the following
question.
Question. What can be said about the structure of a C∗-group G? Is G supersolvable?
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